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Abstract
The interactions of the neutrini and antineutrini amongst themselves, as well as the
interactions of these particles with the electrons and the positrons, are of interest
in simulations of the early Universe and in studies of the processes involving com-
pact stars. The objective in this paper is to create a reliable source of information
regarding the differential and total cross sections of these interactions; expressions
for these observables will be obtained using standard methodology. A number of
relevant discrepancies in the literature will be addressed.
PACS: 13.15.+g, 14.60.Lm, 14.60.St, 98.80.Cq
Key words: neutrino, differential cross section, total cross section, decoupling,
early Universe
1 Introduction
Despite the fact that the expressions for the cross sections, corresponding to
the interactions of the neutrini and antineutrini (henceforth, (anti)neutrini for
short) with the ingredients of the plasma of the early Universe, are straight-
forward to obtain, the information retrieved from several sources in the liter-
ature, be they books, scientific publications, or presentations in Conferences,
is frequently incorrect. To the best of my knowledge, there is no place in the
literature where the correct formulae, pertaining to these scattering processes,
are listed in a manner which is not subject to misinterpretation and misun-
derstanding.
Such interactions are interesting not only in the context of simulations of the
early Universe, but also in terms of the physical processes taking place in
the collapsing cores of supernovae. In fact, the early papers on this subject
had been stimulated by studies of the physics of supernova explosions. The
neutrino-antineutrino annihilation to electron-positron pairs has been inves-
tigated for one additional reason, namely in terms of the possibility that it
provides a driving mechanism for the creation of gamma-ray bursts in compact
stars, i.e., in white dwarves, neutron stars, and black holes.
The goal in this paper is to create a reliable source of information with respect
to these interactions, as well as to discuss a number of relevant discrepancies
in the literature. One additional reason for writing this paper is that only
convenient high-energy approximations are quoted in most cases for the in-
teractions of the (anti)neutrini with the electrons and the positrons of the
plasma, i.e., results obtained from calculations ignoring the rest mass of these
particles; both the exact formulae and their approximated expressions at high
energy are given in this work.
The structure of this paper is as follows. Sections 2-4 provide the tools required
for the evaluation of the cross sections. The cross sections are derived for all
relevant processes in Section 5 and are presented in tabular and schematic
forms in Section 6. Section 7 provides a discussion of those of the discrepancies
in the literature which I am aware of. Section 8 briefly summarises the findings
of this paper.
2 Notation and conventions
In the present work, all physical variables and observables refer to the ‘centre
of momentum’ (CM) frame of reference (unless, of course, they are Lorentz-
invariant quantities, in which case there is no need to specify a frame of ref-
erence). Only processes with two particles in both the initial and final states
are considered (i.e., 2 → 2 scattering). Used are the following notations and
conventions.
• The speed of light in vacuum c is equal to 1.
• Einstein’s summation convention is used.
• In denotes the n× n identity matrix.
• A† denotes the Hermitian (conjugate transpose) of a square matrix A.
• gµν denotes the Minkowski metric with signature ‘+ − −−’.
• γµ are the standard Dirac 4× 4 matrices, satisfying the relation {γµ, γν} =
2gµνI4 for µ, ν ∈ {0, 1, 2, 3}. In addition, γ†0 = γ0 and γ†µ = γ0γµγ0 = −γµ
for µ ∈ {1, 2, 3}.
• The matrix γ5 := iγ0γ1γ2γ3 enters the two projection operators to fermion
states of definite chirality, i.e., the operators projecting a Dirac field onto
its left- and right-handed components. The matrix γ5 satisfies the relations:
γ†5 = γ5, γ
2
5 = I4, and {γµ, γ5} = 0 for µ ∈ {0, 1, 2, 3}.
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• The quantity ǫi0i1...in is the Levi-Civita symbol, defined as follows:
ǫi0i1...in :=

+1 if (i0, i1, . . . , in) is an even permutation of (0, 1, . . . , n)
−1 if (i0, i1, . . . , in) is an odd permutation of (0, 1, . . . , n)
0 otherwise
• s, u, and t are the standard Mandelstam variables. The quantity s is equal
to the square of the CM energy; t is equal to the square of the 4-momentum
transfer; u is equal to the square of the 4-momentum transfer for inter-
changed final-state particles.
• For a 4-vector a, 6 a := γµaµ.
• k and p are the 4-momenta of the incident particles (projectile and target,
respectively).
• k′ and p′ are the 4-momenta of the scattered particles.
• q := k − k′ = p′ − p is the 4-momentum transfer.
• θ and Ω denote the scattering angle and the solid angle, respectively.
• me stands for the electron (and positron) rest mass.
3 Feynman graphs relevant to the decoupling of the (anti)neutrini
It is generally believed that, between the temperatures of one hundred billion
K (T1 = 10
11 K), corresponding to a mere one-hundredth of a second after
the Big Bang, and about T2 = 2 · 1010 K, corresponding to the cosmological
time of about 250 ms, when the (anti)neutrini decoupled from the other in-
gredients of the primordial plasma 1 , our Universe was a superdense mixture
of neutrini, antineutrini, electrons, positrons, and photons. In contrast to the
huge densities of these particles, a few baryons (protons and neutrons) were
also present, about six such particles for every ten billion of photons. Of inter-
est in the context of this work are the interactions of the (anti)neutrini with
other (anti)neutrini, as well as with the electrons and the positrons, during
the temporal interval corresponding to the temperatures T1 and T2.
The permissible tree-level Feynman graphs (henceforth, simply graphs) for
the interaction of an electron neutrino (projectile) with the leptons of the
1 So long as their collision rates exceeded the expansion rate of the Universe (iden-
tified as the Hubble parameter, which is naturally dependent on the cosmological
time), the (anti)neutrini remained in thermal equilibrium with the ingredients of
the plasma. At the time when their collision rates dropped below the expansion
rate of the Universe, the (anti)neutrini escaped the plasma. The detachment of
the (anti)neutrini from their former engagement as an active part of the plasma is
known as ‘decoupling’.
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Fig. 1. The permissible tree-level Feynman graphs for the interaction of an elec-
tron neutrino (projectile) with the neutrini of the electron, muon, and τ -lepton
generations of matter (targets). Graphs (a) and (b) relate to the scattering off the
electron neutrino. Graph (c) relates to the scattering processes νeνµ,τ → νeνµ,τ . In
all cases, these t-channel exchanges involve the weak neutral current. Similar graphs
are applicable in case of the muon and τ -lepton neutrini as projectiles.
plasma (targets), resulting in no more than an electron-positron (e+e−) pair
in the final state, are shown in Figs. 1-3. All these graphs involve the exchange
of either of the two intermediate vector bosons (IVBs) which are associated
with the weak interaction, namely the Z0 boson, which is associated with the
neutral current (NC), and theW± boson, which is associated with the charged
current (CC). Given that it yields a cross section several orders of magnitude
smaller [1], the elastic scattering between the (anti)neutrini and the photons
may be safely omitted.
Ignoring the (presently unknown) (anti)neutrini masses, the interactions (a)
of the (anti)neutrini of the electron generation of matter and (b) of the
(anti)neutrini of the muon and of the τ -lepton generations of matter are differ-
ent: three of the graphs in Figs. 1-3 do not contribute to the collision rates of
the muon and τ -lepton (anti)neutrini. As the interactions of the muon and τ -
lepton (anti)neutrini are identical in the plasma, the study of the interactions
induced only by νe and νµ suffices for the purposes of this work.
In all cases, only Dirac neutrini are considered herein: therefore, each neutrino
and its corresponding antineutrino are assumed to be distinguishable particles.
The range of the available energy, corresponding to the temperatures T1 and
T2, is such that no massive state may be produced ‘on shell’, save for electrons
and positrons. In addition, −q2 does not exceed 300 MeV2 in this temperature
range, a value which is at least seven orders of magnitude smaller than the
square of the masses of the two IVBs. This property results in the simplification
of the expressions for the various weak-interaction scattering amplitudes, and
the subsequent dependence of the observables on only two physical constants,
namely GF and ξ := sin
2 θW , known as Fermi coupling constant and (square of
the sine of the) weak-mixing angle, respectively. According to the most recent
compilation of the physical constants by the Particle-Data Group [2], GF =
4
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Fig. 2. The permissible tree-level Feynman graphs for the elastic scattering of an
electron neutrino (projectile) off the antineutrini of the electron, muon, and τ -lepton
generations of matter (targets). Graphs (a) and (b) relate to the t-channel scatter-
ing off the electron antineutrino, graph (a) via the exchange of the weak neutral
current, graph (b) via the exchange of the weak charged current. Graphs (c)-(e) re-
late to the s-channel scattering off the electron antineutrino (annihilation graphs);
in all such cases, only the weak neutral current is involved. Graph (f) relates to the
t-channel scattering processes νeν¯µ,τ → νeν¯µ,τ , where only the weak neutral current
may be exchanged. Similar graphs are applicable in case of the muon and τ -lepton
neutrini as projectiles, save for graph (b) which cannot contribute in the energy
range explored in this paper.
1.1663787(6) · 10−5 GeV−2 and ξ = 0.23129(5). In this work, the differential
cross sections (DCSs) and the total cross sections (TCSs) will be expressed
as multiples of the representative weak-interaction cross section σ0 := G
2
F s/π.
The σ0 value, corresponding to T = 10
11 K, is about 5 · 10−42 cm2 or 5 · 10−18
b.
4 The weak-interaction scattering amplitude
The literature on the weak interaction is vast. For the sake of example, a thor-
ough introduction to the subject may be obtained from Refs. [3,4]. I generally
follow the formalism of Ref. [3] herein. In this section, I only summarise those
elements which are of interest in the narrow scope of this paper.
Inspection of Figs. 1-3 reveals that, in order to derive the various weak-
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Fig. 3. The permissible tree-level Feynman graphs for the elastic scattering of an
electron neutrino (projectile) off an electron and a positron (targets). Graphs (a) and
(b) relate to the scattering off an electron, graph (a) via the t-channel exchange of
the weak neutral current, graph (b) via the u-channel exchange of the weak charged
current. Graphs (c) and (d) relate to the scattering off a positron, graph (c) via the
t-channel exchange of the weak neutral current, graph (d) via the s-channel creation
of a W+ boson. In the case of the muon and τ -lepton neutrini as projectiles, only
graphs (a) and (c) contribute: graph (b) cannot contribute in the energy range
explored in this paper, whereas graph (d) does not contribute on the basis of first
principles (conservation of the leptonic number within each generation of matter).
interaction scattering amplitudes, one needs to obtain the leptonic currents
applicable in the cases of the NC (vertices involving Z0) and of the CC (vertices
involving W±). The latter are purely V −A in character (‘purely’ implies equal
- and opposite in sign - contributions of the vector and axial-vector compo-
nents, ensuring the left-handedness of the neutrino and the right-handedness
of the antineutrino), given for the l → νl transition by the expression
〈u(νl)| Jµ |u(l)〉 = g√
2
u¯(νl)γµ
1− γ5
2
u(l) ,
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where the constant g determines the overall strength of the CC processes.
Of course, u(l) is the spinor associated with the lepton l (where l denotes
an electron, a muon, or a τ -lepton) and u(νl) is the spinor associated with
the corresponding neutrino; in this work, only electrons and electron neu-
trini are of relevance. The dependence of the spinors on the spin and on the
4-momentum of the fermions is assumed (but not explicitly given). The nor-
malisation condition of the spinors, associated with positive-energy solutions,
is u†(l)u(l) = 2E, E being the particle’s total energy (where l now stands for
the neutrini as well). Assuming this normalisation condition, one can prove
that u¯(l)u(l) = 2m, m being the particle’s rest mass and u¯(l) := u†(l)γ0.
On the other hand, the leptonic NC follows the generic form
〈u(l)| Jµ |u(l)〉 = gN
2
u¯(l)γµ(gV − gAγ5)u(l) ,
where the constant gN determines the overall strength of the NC processes,
and gV and gA are known as vector and axial-vector couplings, respectively.
These couplings are different for the neutrini and for the other leptons: the
neutrino NC remains purely V − A in character, i.e.,
gνV = 1/2 , g
ν
A = 1/2 ,
whereas for all other leptons
glV = −1/2 + 2ξ , glA = −1/2 .
According to the Standard Model of the Electroweak Interactions, developed
in the 1960s by Sheldon Lee Glashow, Abdus Salam, and Steven Weinberg,
the couplings g and gN are related via the expression: g = gNξ. A similar
relation holds for the masses of the IVBs: MW = MZξ. As a result, g/MW =
gN/MZ . The Fermi coupling constant, the sole regulator of the strength of
the weak-interaction processes in Fermi’s current-current framework (pointlike
approximation), is related to the aforementioned quantities via the expression
GF√
2
=
g2
8M2W
=
g2N
8M2Z
.
The last ingredient, which is necessary in order to advance to the derivation
of the various weak-interaction scattering amplitudes, is the propagator asso-
ciated with the virtual state; it is of the form
Πµν(q) = i
−gµν + qµqν/M2
q2 −M2 ,
where M stands for the mass of the exchanged IVB.
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Let me now combine these elements and obtain the weak-interaction scatter-
ing amplitude of one simple process, e.g., of the one involving the scattering
of two neutrini of different flavour: νaνb → νaνb. Such a process, featuring
an electron neutrino as projectile, is schematically shown in Fig. 1(c). The
current-propagator-current form of the scattering amplitude reads as
T := −i 〈u(νa)| Jµ |u(νa)〉Πµν 〈u(νb)| Jν |u(νb)〉
= −igN
2
u¯(νa)γµ
1− γ5
2
u(νa)i
−gµν + qµqν/M2Z
q2 −M2Z
gN
2
u¯(νb)γν
1− γ5
2
u(νb)
=
g2N
16
u¯(νa)γµ(1− γ5)u(νa)−g
µν + qµqν/M2Z
q2 −M2Z
u¯(νb)γν(1− γ5)u(νb) ,
which, for q2 ≪ M2Z , results in
T =
g2N
16M2Z
u¯(νa)γ
µ(1− γ5)u(νa)u¯(νb)γµ(1− γ5)u(νb)
=
GF
2
√
2
u¯(νa)γ
µ(1− γ5)u(νa)u¯(νb)γµ(1− γ5)u(νb) . (1)
The square of the scattering amplitude |T |2, summed over the final states and
properly averaged (for unpolarised cross sections) over the spin orientations
in the initial state, is the backbone of the evaluation of the DCS of a process,
complemented by the flux of the incident beam and the permissible Lorentz
invariant phase space.
For massless projectiles, the DCS is obtained via the expression
dσ
dτ
=
|T |2
2(s−m2t )
,
where dτ denotes the infinitesimal Lorentz invariant phase space andmt stands
for the rest mass of the target, i.e., 0 for neutrini (Sections 5.1-5.5 and 5.8),
and me for electrons and positrons (Sections 5.6 and 5.7). The infinitesimal
Lorentz invariant phase space may be obtained via the relation
dτ =
pfdΩ
(4π)2
√
s
,
where pf denotes the modulus of the CM 3-momentum in the final state. (Re-
garding the details relating to the Lorentz invariant phase space, see Ref. [3].)
In Sections 5.1-5.5, pf =
√
s/2 and
dσ
dΩ
=
|T |2
(8π)2s
. (2)
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In Sections 5.6 and 5.7, pf = (s−m2e)/(2
√
s) and Eq. (2) also holds. In Section
5.8, pf =
√
s/4−m2e and
dσ
dΩ
=
|T |2
(8π)2s
√
1− 4m
2
e
s
.
I will finally list a number of helpful relations obeyed by the matrix operator
Tr, which returns the trace of a square matrix, i.e., the sum of its diagonal
elements. Put forth by Richard Feynman, the trace technique comprises a set
of operations enabling the speedy derivation of the sum of the contributions to
the scattering amplitude from all spin orientations pertaining to the scattering
process in question.
Tr[A+B] = Tr[A] + Tr[B]
Tr[AB] = Tr[BA]
Tr[ABC] = Tr[CAB] = Tr[BCA]
Tr[gab] = 4gab
Tr[γaγb] = Tr[2gab − γbγa] = Tr[2gab − γaγb]⇒ Tr[γaγb] = 4gab
Tr[γaγbγcγd] = 4 (gabgcd − gacgbd + gadgbc)
Tr[γ5γaγbγcγd] = 4iǫabcd
A, B, and C denote square matrices of the same dimension. The traces of
products of odd numbers of γ matrices, as well as those of odd numbers of γ
matrices with the γ5 matrix, vanish.
5 Derivation of the various weak-interaction differential cross sec-
tions
In this section, the scattering amplitudes, as well as the DCSs and TCSs
derived thereof, of the various scattering processes of the neutrini with the
(anti)neutrini, as well as with electrons and positrons, will be extracted. Sec-
tions 5.1-5.5 deal with the channels in which only (anti)neutrini appear in the
initial and final states. Sections 5.6 and 5.7 deal with the scattering of neutrini
off electrons and positrons, respectively. Finally, Section 5.8 pertains to the
neutrino-antineutrino annihilation to an e+e− pair.
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5.1 Scattering of neutrini of different flavour
The scattering amplitude T for the interaction of neutrini of different flavour
was obtained in Section 4, see Eq. (1). For an electron neutrino as projectile,
the graph of Fig. 1(c) is relevant. As the neutrini are solely left-handed, the
averaging over the spin orientations in the initial state is not applicable (the
average of one value is the value itself). The square of the scattering amplitude
|T |2 is obtained after multiplying T with its complex conjugate. However,
given that T is one (complex) element (i.e., not a matrix), this operation is
equivalent to using the Hermitian of T , namely T †, in the product.
|T |2 := T T † = G
2
F
8
Tr[6 k′γµ(1− γ5)6 kγν(1− γ5)] Tr[6 p′γµ(1− γ5)6 pγν(1− γ5)]
The application of the first trace operator yields the projectile-related tensor
Kµν = 8
(
k′µkν + k′ νkµ +
q2
2
gµν − iǫµνabkak′b
)
. (3)
The target-related tensor, resulting from the application of the second trace
operator, is of similar structure
Pµν = 8
(
p′µpν + p
′
νpµ +
q2
2
gµν − iǫµνcdpcp′ d
)
.
It can be easily shown that qµK
µν = qνK
µν = 0. This property enables the
simplification of the target-related tensor, via the introduction of its effective
form
(Pµν)eff = 8
(
2pµpν +
q2
2
gµν − iǫµνcdpcqd
)
.
The contraction of the tensors Kµν and (Pµν)eff finally yields the value of 64s
2.
Necessary in the extraction of this result are the relations: s := (k+p)2 = 2k ·p,
u := (k−p′)2 = −2k ·p′, and t := (k−k′)2 = −2k ·k′, which are the expressions
of the Mandelstam variables for massless initial and final states. One additional
relation is needed, namely
ǫµνcdǫ
µνab = −2
(
δac δ
b
d − δbcδad
)
,
where δ denotes the standard Kronecker delta, equal to 1 for identical indices
and 0 for different ones. Evidently,
|T |2 = 8G2F s2 . (4)
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Using this result, one obtains the DCS
dσ
dΩ
=
G2Fs
8π2
=
σ0
8π
(5)
and, integrating over the solid angle, the TCS
σtot =
σ0
2
.
5.2 Scattering of a neutrino off an antineutrino of different flavour
For an electron neutrino as projectile, the graph of Fig. 2(f) is relevant. Feyn-
man’s interpretation of ‘the negative-energy particle solutions propagating
backward in time’ as ‘the positive-energy antiparticle solutions propagating
forward in time’ provides a speedy solution to the scattering of this section
from the result of the previous one: the current for the incident/outgoing an-
tineutrino of Fig. 2(f) moving forward in time is identical to the one for an
outgoing/incident neutrino moving backward in time. This implies that the
result, obtained for the graph Fig. 1(c) (i.e., the result of Section 5.1), may
be used, along with the obvious transformations p → −p′ and p′ → −p, and
enable the nearly effortless extraction of the DCS of this section. Evidently,
one simply needs to interchange the Mandelstam variables s and u in the |T |2
result of Section 5.1. According to Eq. (4), only the Mandelstam variable s
enters |T |2, hence the result for the process of this section is
|T |2 = 8G2Fu2 ,
leading to the DCS in the form
dσ
dΩ
=
G2Fu
2
8π2s
=
σ0u
2
8πs2
,
which, integrated over the solid angle, results in
σtot =
σ0
6
.
5.3 Scattering of neutrini of the same flavour
The peculiarity of this case is that the particles in the final state are indistin-
guishable. For the scattering of electron neutrini, the graphs of Fig. 1(a) and
(b) are relevant.
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Starting from Eq. (1), one may write the scattering amplitude as
T =
GF
2
√
2
(
u¯(νa)γ
µ(1− γ5)u(νa)u¯(νb)γµ(1− γ5)u(νb)
+ u¯(νb)γ
µ(1− γ5)u(νa)u¯(νa)γµ(1− γ5)u(νb)
)
. (6)
Let me rewrite the second term within the brackets in the form
(χ¯γµ(1− γ5)ψ) (ψ¯γµ(1− γ5)χ) ,
where χ = u(νb) (hence χ¯ = u¯(νb)) and ψ = u(νa) (hence ψ¯ = u¯(νa)). By
invoking two of the Fierz identities, namely
(χ¯γµψ)(ψ¯γµχ) = (χ¯χ)(ψ¯ψ)− 1
2
(χ¯γµχ)(ψ¯γµψ)
− 1
2
(χ¯γµγ5χ)(ψ¯γµγ5ψ)− (χ¯γ5χ)(ψ¯γ5ψ) ,
(χ¯γµγ5ψ)(ψ¯γµγ5χ) = −(χ¯χ)(ψ¯ψ)− 1
2
(χ¯γµχ)(ψ¯γµψ)
− 1
2
(χ¯γµγ5χ)(ψ¯γµγ5ψ) + (χ¯γ5χ)(ψ¯γ5ψ) , (7)
one obtains the result
(χ¯γµ(1− γ5)ψ)(ψ¯γµ(1− γ5)χ) = −(χ¯γµ(1− γ5)χ)(ψ¯γµ(1− γ5)ψ)
and, after reverting to the original spinors,
(u¯(νb)γ
µ(1−γ5)u(νa))(u¯(νa)γµ(1−γ5)u(νb)) = −(u¯(νb)γµ(1−γ5)u(νb))(u¯(νa)γµ(1−γ5)u(νa)) .
Of course, the wavefunction of fermions is antisymmetric under particle ex-
change, hence
−(u¯(νb)γµ(1−γ5)u(νb))(u¯(νa)γµ(1−γ5)u(νa)) = +(u¯(νa)γµ(1−γ5)u(νa))(u¯(νb)γµ(1−γ5)u(νb)) .
Inserting this relation into Eq. (6), one obtains
T =
GF
2
√
2
(
u¯(νa)γ
µ(1− γ5)u(νa)u¯(νb)γµ(1− γ5)u(νb)
+ u¯(νa)γ
µ(1− γ5)u(νa)u¯(νb)γµ(1− γ5)u(νb)
)
=
GF√
2
u¯(νa)γ
µ(1− γ5)u(νa)u¯(νb)γµ(1− γ5)u(νb) .
Therefore, the amplitude for the scattering of neutrini of the same flavour is
twice the result of Eq. (1), i.e., twice the scattering amplitude for the scattering
of neutrini of different flavour. Consequently, there is no need to repeat the
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calculation of Section 5.1 in order to obtain the result of this section; all one
needs to do is multiply the DCS of Eq. (5) by 4. Finally,
dσ
dΩ
=
4G2Fs
8π2
=
σ0
2π
. (8)
Attention is needed when deriving the TCS for the scattering of neutrini of
the same flavour from the result of Eq. (8). Owing to the fact that the final
state comprises indistinguishable particles, the integration of the DCS between
the θ limits of 0 and π yields an erroneous result! The outgoing particles
are indistinguishable and it is fallacious to attach labels to them 2 , e.g., by
identifying particle (1) as the one scattered at angle θ and particle (2) as the
one scattered at π − θ. The indistinguishability of the particles in the final
state requires that the integration be performed over the solid angle of 2π,
i.e., over a hemisphere, thus yielding the TCS result
σtot = σ0 .
To be able to compare the DCS of this section with those obtained for the
other neutrino-induced processes, one may proceed in either of two ways:
• by making use of the DCS of Eq. (8), also bearing in mind that the corre-
sponding TCS must involve an integration over a hemisphere,
• by halving the DCS of Eq. (8) and integrating over 4π.
I will follow the latter option. Of course, all expressions, obtained from the
|T |2 result of this section (e.g., on the basis of interchanges of 4-momenta) for
other processes, a) must involve the original |T |2 result and b) must corre-
spond to TCSs involving the integration of the corresponding DCSs over 4π.
The restricted solid-angle domain pertains exclusively to processes yielding
indistinguishable particles in the final state, which (for Dirac neutrini) is the
case only in this section.
5.4 Elastic scattering of a neutrino off an antineutrino of the same flavour
For the elastic scattering of an electron neutrino off an electron antineutrino,
the graphs of Fig. 2(a) and (c) are relevant; the latter graph represents the
annihilation to a neutrino-antineutrino pair of the same flavour. The substi-
tutions p→ −p′ and p′ → −p enable the speedy extraction of the DCS of this
2 I am indebted to Carlo Guinti for drawing my attention to this subtle point and
for bringing forth the argument on the integration limits of θ.
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section from the |T |2 result of Section 5.3. Evidently,
dσ
dΩ
=
G2Fu
2
2π2s
=
σ0u
2
2πs2
, (9)
which, integrated over the solid angle, results in
σtot =
2σ0
3
.
5.5 Neutrino-antineutrino annihilation to a neutrino-antineutrino pair of
different flavour
For an electron neutrino-antineutrino pair, the graph of Fig. 2(d) is relevant.
Straightforward considerations, again invoking Feynman’s interpretation of
the negative-energy particle solutions, lead to a result identical to the one
obtained in Section 5.2. The DCS is of the form
dσ
dΩ
=
σ0u
2
8πs2
,
which, integrated over the solid angle, results in
σtot =
σ0
6
.
5.6 Scattering of neutrini off an electron
For the scattering of an electron neutrino off an electron, the graphs of Fig. 3(a)
and (b) are relevant. The scattering amplitude is of the form
T =
(
gN
2MZ
)2
u¯(νe)γ
µ1− γ5
2
u(νe)u¯(e
−)γµ(g
l
V − glAγ5)u(e−)
+
(
g√
2MW
)2
u¯(νe)γ
µ1− γ5
2
u(e−)u¯(e−)γµ
1− γ5
2
u(νe)
=
GF√
2
(
u¯(νe)γ
µ(1− γ5)u(νe)u¯(e−)γµ(glV − glAγ5)u(e−)
+ u¯(e−)γµ(1− γ5)u(νe)u¯(νe)γµ(1− γ5)u(e−)
)
. (10)
After employing the two Fierz identities of Eqs. (7), the second term within
the brackets may be rewritten as u¯(νe)γ
µ(1 − γ5)u(νe)u¯(e−)γµ(1 − γ5)u(e−),
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resulting in
T =
GF√
2
u¯(νe)γ
µ(1− γ5)u(νe)u¯(e−)γµ
(
glV + 1− (glA + 1)γ5
)
u(e−)
=
GF√
2
u¯(νe)γ
µ(1− γ5)u(νe)u¯(e−)γµ(CV − CAγ5)u(e−) . (11)
where CV := g
l
V +1 and CA := g
l
A+1 for the scattering of an electron neutrino
off an electron. Equation (11) provides an explanation for the differences in the
interactions between electron and muon/τ -lepton neutrini with the electron.
As, below the temperature T1, the CM energy is not sufficient for the creation
of muons and τ -leptons in the final state, the CC graph contributes to the
scattering amplitude only in case of an incident electron neutrino. To be able
to apply the results of the calculation also in the case of incident muon and
τ -lepton neutrini, I will retain the constants CV and CA (applicable for the
scattering of an electron neutrino off an electron) and bear in mind that, in
the case of an incident νµ,τ , they must be replaced by C˜V = CV − 1 = glV and
C˜A = CA − 1 = glA. Evidently,
|T |2 =G
2
F
2
Tr[6 k′γµ(1− γ5)6 kγν(1− γ5)]
1
2
Tr[(6 p′ +me)γµ(CV − CAγ5)(6 p+me)γν(CV − CAγ5)]
where the factor 1/2 in front of the second trace takes account of the averaging
of the spin orientations in the initial state (target electron). The application
of the first trace operator yields the projectile-related tensor of Eq. (3). The
application of the second trace yields the target-related tensor, which (owing
to the fact that the electron NC is not purely V −A in character) is now of a
more complex form.
Pµν = 4
(
c1
(
p′µpν + p
′
νpµ +
(
q2
2
−m2e
)
gµν
)
− ic2ǫµνcdpcp′ d + c3m2egµν
)
,
where c1 = C
2
V + C
2
A, c2 = 2CVCA, and c3 = C
2
V − C2A.
As in Section 5.1, an effective target-related tensor may be constructed on the
basis of the properties: qµK
µν = qνK
µν = 0.
(Pµν)eff = 4
(
c1
(
2pµpν +
(
q2
2
−m2e
)
gµν
)
− ic2ǫµνcdpcqd + c3m2egµν
)
.
The contraction of Kµν of Eq. (3) and (Pµν)eff of the previous equation results
in
|T |2 = 4G2F
(
C1(s−m2e)2 + C2(u−m2e)2 + 2C3m2et
)
, (12)
where C1 = c1 + c2 = (CV + CA)
2, C2 = c1 − c2 = (CV − CA)2, and
C3 = c3 = (C
2
V − C2A). As aforementioned, this result is valid for an elec-
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tron neutrino as projectile. The same formula holds for muon and τ -lepton
neutrini as projectiles, but the constants must be redefined, following the re-
placements CV → C˜V and CA → C˜A. (The constant C2 is not affected by
these substitutions.)
The DCS for the scattering of neutrini off an electron is of the form
dσ
dΩ
=
σ0
16πs2
(
C1(s−m2e)2 + C2(u−m2e)2 + 2C3m2et
)
, (13)
where (as already explained) the constants C1 and C3 depend on the neutrino
flavour. After integrating the DCS over the solid angle, one obtains
σtot =
σ0
4
(
1− m
2
e
s
)2 (
C1 + C2
s2 +m4e + sm
2
e
3s2
− C3m
2
e
s
)
, (14)
which is applicable for s ≥ m2e. These expressions are in agreement with those
derived in the pioneering paper of Herrera and Hacyan [5].
5.7 Scattering of neutrini off a positron
For the scattering of an electron neutrino off a positron, the graphs of Fig. 3(c)
and (d) are relevant. Following the line of argumentation of the previous sec-
tion, the graph of Fig. 3(d) does not contribute to the scattering amplitude
in case of incident muon and τ -lepton neutrini. The scattering amplitude may
be obtained from Eq. (12) after the interchange s↔ u, which is equivalent to
the interchange C1 ↔ C2 in Eqs. (13) and (14). Therefore, the DCS for the
scattering of neutrini off a positron reads as
dσ
dΩ
=
σ0
16πs2
(
C1(u−m2e)2 + C2(s−m2e)2 + 2C3m2et
)
,
where the constants C1 and C3 depend on the neutrino flavour as explained
in the previous section. After integrating the DCS over the solid angle, one
obtains
σtot =
σ0
4
(
1− m
2
e
s
)2 (
C1
s2 +m4e + sm
2
e
3s2
+ C2 − C3m
2
e
s
)
,
which is applicable for s ≥ m2e. As expected, these expressions are in agreement
with those given in Ref. [5].
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5.8 Neutrino-antineutrino annihilation to an e+e− pair
For the annihilation of an electron neutrino-antineutrino pair to an e+e− pair,
the graphs of Fig. 2(b) and (e) are relevant. The scattering amplitude, corre-
sponding to the neutrino-antineutrino annihilation to an e+e− pair, may be
obtained from the |T |2 result of Section 5.6 after the replacements k′ → −p,
p → −p′, and p′ → k′. These replacements are equivalent to the substitu-
tions s → u, u → t, and t → s. One additional issue requires attention.
Equation (12) for |T |2 was obtained after averaging over the spin orienta-
tions of the target electron; no averaging is to be performed in the case of
the neutrino-antineutrino annihilation, hence the amplitude, obtained after
the aforementioned substitutions are performed, must be multiplied by 2. The
DCS thus becomes
dσ
dΩ
=
σ0
8πs2
√
1− 4m
2
e
s
(
C1(u−m2e)2 + C2(t−m2e)2 + 2C3m2es
)
,
where the constants have been defined in Section 5.6. The integration of the
DCS over the solid angle yields
σtot = σ0
√
1− 4m
2
e
s
(
C1 + C2
6
(
1− m
2
e
s
)
+ C3
m2e
s
)
,
which is applicable for s ≥ 4m2e. As Kuznetsov and Savin [6] noticed (and
proposed this property as a simple criterion for judging the correctness of
relevant calculations 3 ), the TCS for the neutrino-antineutrino annihilation
to an e+e− pair does not depend on the constant CA in the vicinity of s = 4m
2
e;
it comes out equal to C2V
√
ǫσ0/2, where s = 4m
2
e(1 + ǫ) and ǫ is positive and
small (compared to 1).
6 Summary of the results
Figures 4 and 5 provide plots of the angular distributions of the cross sec-
tion, detailed in Sections 5.1-5.8, separately for electron and muon/τ -lepton
neutrini as projectiles. Visual inspection of these figures leaves no doubt that
the interactions of the (anti)neutrini amongst themselves are more important
than those involving electron and positron targets 4 .
3 Of course, the fulfilment of this condition may be a necessary, but is not a sufficient
condition for the correctness of the calculations.
4 Due to the spin degeneracy of the electrons and the positrons, the contributions
of the graphs involving electron and positron targets to the mean-free path of the
neutrini in simulations of the early Universe are twice as large as one obtains from
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Fig. 4. Plot of the angular distributions of the cross section, detailed in Sections
5.1-5.8, for an electron neutrino as projectile. The quantity σ0 has been defined at
the end of Section 3. The differential cross section for antineutrino targets does not
vanish at cos θ = −1 because it includes the annihilation channel to an e+e− pair.
The square of the CM energy for the incident particles corresponds to a temperature
of 3 · 1010 K.
All the TCSs, derived in Section 5, are listed in Table 1. In the three last cases
(corresponding to the results obtained in Sections 5.6-5.8), expressions derived
under the high-energy approximation (s≫ m2e) are quoted in the table.
7 Discrepancies in the literature
Comparing the expressions of this paper with those appearing in a number of
published works (peer-reviewed articles and books) reveals a number of dis-
Figs. 4 and 5 (as well as from Table 1); due to the two possible spin orientations
in case of electrons and positrons, twice as many of these particles may be ‘packed
together’ in a given volume, at a given temperature, as (anti)neutrini of each of the
three flavours.
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Fig. 5. Plot of the angular distributions of the cross section, detailed in Sections
5.1-5.8, for muon/τ -lepton neutrini as projectiles. The quantity σ0 has been defined
at the end of Section 3. The differential cross section for antineutrino targets does not
vanish at cos θ = −1 because it includes the annihilation channel to an e+e− pair.
The square of the CM energy for the incident particles corresponds to a temperature
of 3 · 1010 K.
crepancies. I will next address in chronological order those of the discrepancies
which I am aware of.
• Flowers and Sutherland [7] calculated the νeνe DCS and TCS correctly,
including the appropriate integration of the DCS for indistinguishable par-
ticles in the final state. However, their expression for the νeν¯e DCS, see their
Eq. (8), is fourfold the value obtained from Eq. (9) of this work.
• Hannestad and Madsen [8] presented in tabular form the scattering ampli-
tudes corresponding to the various neutrino-induced processes relevant to
the decoupling. The entry for the scattering of neutrini of the same flavour
in their tables yields a DCS which is half the result of this work. The same
problem appeared in Tables 5.1 and 5.2 of Ref. [9], as well as in Table 1 of
Ref. [10]. Dolgov also commented on these mismatches in Ref. [11] (p. 356).
• Xing and Zhou [12] gave the expressions for the νaνb and ν¯aν¯b TCSs for a = b
and a 6= b (pp. 39-40). Those expressions are in agreement with the results
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Table 1
Total cross sections (TCSs) for the interactions of the (anti)neutrini with the var-
ious ingredients of the plasma in the early Universe. The TCSs are expressed as
multiples of the representative weak-interaction cross section σ0, which has been
defined at the end of Section 3. In the three last cases, the formulae are high-
energy approximations; the exact expressions are given in Section 5. The TCS for
the neutrino-antineutrino annihilation (νaν¯a) contains all the final-state channels,
save for the annihilation to an e+e− pair, which is shown separately in last row of
the table.
Target ↓, Projectile → νe νµ ντ
νe 1 1/2 1/2
νµ 1/2 1 1/2
ντ 1/2 1/2 1
ν¯e 1 1/6 1/6
ν¯µ 1/6 1 1/6
ν¯τ 1/6 1/6 1
e− 1
4
+ ξ + 4ξ
2
3
1
4
− ξ + 4ξ2
3
1
4
− ξ + 4ξ2
3
e+ 1
3
(
1
4
+ ξ + 4ξ2
)
1
3
(
1
4
− ξ + 4ξ2) 1
3
(
1
4
− ξ + 4ξ2)
e+e− creation 1
6
(
1 + 4ξ + 8ξ2
)
1
6
(
1− 4ξ + 8ξ2) 1
6
(
1− 4ξ + 8ξ2)
of Table 1. They then advanced to treat the TCS for the νaν¯a processes and
came up with a value which is twice as large as the νaνa TCS. Unfortunately,
they obtained that result after employing the wrong DCS; evidently, they
did not replace the Mandelstam variable s with u in |T |2 when extracting
the νaν¯a scattering amplitude from the one they had obtained for the νaνa
process.
• Lesgourgues, Mangano, Miele, and Pastor [13] presented in tabular form
the TCSs corresponding to the various neutrino-induced processes relevant
to the decoupling (see their Tables 1.7 and 1.8). To the best of my knowl-
edge, this is the only place in the literature where an observable (e.g., the
TCS) is presented in tabular form for all the processes studied in this work.
Nevertheless, their tables are particularly worrying. To start with, all the
TCSs off (anti)neutrino targets are half the corresponding entries of Table
1 of this work. In addition, their TCSs for the neutrino-antineutrino annihi-
lation to an e+e− pair are twice the corresponding entries of Table 1 of this
work. (Interestingly, their TCSs for the scattering of neutrini off electrons
or positrons agree with the results of this work!) These discrepancies are
puzzling.
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Additional discrepancies (relating to the DCSs and TCSs for the neutrino-
antineutrino annihilation to an e+e− pair) were reported by Kuznetsov and
Savin in Ref. [6]. As my overview in the domain of Neutrino Physics is lim-
ited, the chances are that the aforementioned list is anything but exhaustive.
I would be indebted to the colleagues who could communicate further discrep-
ancies to me; I will acknowledge such contributions in future versions of this
paper.
8 Conclusions
The present study dealt with the neutrino-induced processes relevant to the
physics of the early Universe, namely with the interactions of the neutrini
and the antineutrini of the three generations of matter amongst themselves,
as well as with the electrons and the positrons of the plasma. These processes
are of interest in other domains too, namely in the physics of compact stars.
All the differential cross sections of these processes were derived, hopefully
in a didactical and elucidating manner, following the standard methodology
of Ref. [3]. To facilitate the overview and the crosscheck of the results, the
corresponding total cross sections are shown in tabular form (Table 1). The
angular distributions of the sums of the DCSs, detailed in Sections 5.1-5.8, are
shown in Fig. 4 and 5, separately for electron and muon/τ -lepton neutrini as
projectiles.
Discrepancies were reported with some scientific publications and books com-
prising part of the literature on this subject. By no means should the list of
discrepancies, addressed in this work, be considered as exhaustive.
The present study deals only with Dirac neutrini; its extension to also cover
Majorana neutrini may be worth pursuing.
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